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Abstract 

This paper analyzes and compares the philosophy of mathematics of Jean Ladrière and 
Xavier Zubiri. The study focuses on the status of mathematical objects and truth, the me-
thod proper to mathematics and finally the relationship between formal systems and the 
physical world. The philosophical context is the debate on the reality or ideality of mathe-
matical objects and the four contemporary responses that dominated the 20th century: 
realism, naturalism, constructivism and conventionalism. These four responses face a se-
ries of limits and difficulties. Ladrière’s transcendental realism and representational con-
structivism overcomes these difficulties. However, his position is characterized by a subtle 
dualism between mathematical reality, which exists independently of our intellectual ef-
forts, and our mathematical representations. Zubiri’s notion of sentient intelligence enables 
him to surpass the difficulties confronted by the four contemporary responses without 
yielding to dualism. Zubiri’s philosophy of mathematics can be summarized with these two 
affirmations concerning mathematical reality: (i) it is not separated from our intellectual 
efforts; (ii) it is constructed according to concepts of sentient intelligence. 

Resumen 
El presente artículo analiza y compara las filosofías de las matemáticas de Jean Ladriè-

re y Xavier Zubiri. Este estudio está enfocado en el estatuto filosófico de los objetos y de la 
verdad matemática, el método matemático, y finalmente a la relación entre los sistemas 
formales y el mundo físico. El contexto filosófico es el debate sobre la realidad o la idealidad 
de los objetos matemáticos y las cuatro respuestas contemporáneas que dominaron el siglo 
20: el realismo, el naturalismo, el constructivismo y el convencionalismo. Estas cuatro res-
puestas presentan una serie de insuficiencias que ponen en duda sus tesis. Ladrière elabo-
ra una síntesis entre un realismo trascendental y un constructivismo de representaciones 
que supera dichas insuficiencias. Sin embargo, esta posición está caracterizada por un 
dualismo sutil que separa la realidad matemática, de la cual se afirma que existe indepen-
dientemente de nuestros esfuerzos intelectuales, y nuestras representaciones matemáticas. 
La inteligencia sentiente, presentada por Zubiri, supera las insuficiencias de las cuatro 
respuestas contemporáneas sin caer en un dualismo. La filosofía de las matemáticas de 
Zubiri puede resumirse con las siguientes afirmaciones: (i) la realidad matemática no está 
separada de nuestra inteligencia; (ii) la misma es construida según conceptos de la inteli-
gencia sentiente. 
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Introduction: the debate about the 

quintessence of mathematics 
The period that comprises the end of 

19th century and the 20th century wit-
nessed the erosion of certainty in the fields 
of mathematics. In the past, this field was 
considered the model of rationality that 
made incontestable progress in objective 
knowledge. Nevertheless, this has changed 
due to a series of fundamental changes 
and debates in our understanding of for-
mal sciences and their certitude. In more 
concrete terms, I present here the debate 
around the status of mathematical objects 
and methods in three mayor schools of 
philosophy of mathematics: logicism, for-
malism and intuitionism 

A. Logicism 
The basic idea of this school is that ma-

thematical objects and properties can be 
defined from logical terminology and oper-
ators1. This idea followed the conjecture 
that arithmetic is an extension of logic. 
Frege sought to derive mathematical objec-
tive truths from logical truths. He affirmed 
that mathematical propositions have ob-
jective truth-values2. This view of objective 
truth-value expresses that mathematical 
affirmations are independent of language, 
minds, and conventions3. Frege developed 
a deductive system following definitions, 
logical rules and principles. For him, every 
truth about natural and real numbers is 
demonstrable following logical laws and 
definitions. Mathematical truths are a pri-
ori because they are not empirical facts4. 

Although Russell showed the serious 
limit of Frege’s logicist program, he pur-
sued the same objective of grounding ma-
thematics in logic. Russell developed a 
version of logicism that does not deal with 
particular things or properties but with 
general and universal properties. During 
an initial period, Russell considered that 
numbers were classes, relations on 
classes, relations on relations on classes, 
etc. In his late writings, during the “no-
class period”, he took numbers and 
classes as logical fictions5.  

B. Formalism  
1. HILBERT PROGRAM 

The objective of the Hilbert program was 
to “establish once and for all the certitude 
of mathematical methods”6 and to guaran-
tee the absolute objectivity of the intellec-
tual efforts in mathematics. The conjec-
ture at the background was that all prob-
lems could be solved7. According to this 
school, mathematics is an activity that 
operates over signs that do not have se-
mantic content. For Hilbert, mathematical 
reality is identified with the concrete reali-
ty of signs. It is by means of the object-
sign that we can go from the abstract to 
the concrete. Mathematical objects are 
nothing else than concrete signs8. For the 
formalist, definitions and rules are funda-
mental to mathematical method, which 
seeks to proof theorems. Consequently, 
mathematics becomes a body of demon-
strable formulas. Mathematical truths are 
formal truths that depend on conventions, 
definitions and rules.  

The objective of formalism is the axi-
omatization and formalization of various 
mathematical fields in order to ensure 
their coherence9. According to Hilbert, 
mathematics are formalized by providing 
(i) certain axioms that serve as building 
blocks for the formal structure of mathe-
matics (axiomatization); (2) rules of deduc-
tions and construction. What is relevant in 
the deductive formal method is the set of 
axioms chosen and the rules. Intuition 
and observation are not part of the deduc-
tive process, although they could assist as 
heuristic. Axioms are functional defini-
tions of mathematical objects and con-
cepts. For that reason, it is decisive that 
they be consistent10. If a group of axioms 
is consistent then they are true and their 
defined objects exist. Therefore, mathe-
matical existence is identified with the 
non-contradiction of the set of axioms. The 
rules of deduction are not arbitrary. They 
must enable the derivation of true proposi-
tions from consistent axioms11. A mathe-
matical deduction eliminates all rational 
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doubts by demonstrating that all theorems 
and mathematical truths are conclusions 
derived from the premises12.  

Hilbert’s program, which sought to es-
tablish the certitude of mathematics, was 
deeply put in question by Gödel’s incom-
pleteness theorems. 

2. GÖDEL’S INCOMPLETENESS THEOREMS 
Let’s consider Gödel’s first incomplete-

ness theorem13. This theorem affirms that 
in a formalized consist theory Fs, there is a 
proposition Ps in the language of Fs where 
neither Ps nor its negation are theorems of 
Fs. Ps is not provable in Fs14. This is the 
case even if Ps is clearly true15. This calls 
into question that a single formal method 
can derive every arithmetic truth.    

The first incompleteness theorem can 
be interpreted in two different ways. For a 
realist there is “more” than what is derived 
from the axioms16. Arithmetic cannot be 
reduced to deduction from the original 
axioms. However, there is a skeptical in-
terpretation. According to this interpreta-
tion, the first incompleteness theorem 
states that some arithmetic propositions 
lack truth-values.  

C. INTUITIONISM 
For this third school, mathematics is 

primarily a mental activity. Mathematics 
exists in the human intellect. Mathematics 
is ground in a process of construction17. 
Brouwer argued that mathematical truths 
cannot be known by a mere analysis of 
mathematical concepts and their meaning. 
Although mathematics is a priori in the 
sense of being independent of empirical 
observations, it is dependent on the mind. 
Theorems could not be disproved empiri-
cally but they would not exist without the 
human mind. Brouwer, following Kant on 
this issue, proposed that mathematics is a 
mental construction. A proposition with a 
property Γ is established only if we show 
how to construct a number n that has the 
property Γ. For an intuitionist a mathe-
matic object exists only if it can be con-
structed. That leads Brouwer to reject the 
notion that the law of the excluded mid-
dle18 holds always a priori independently 

of a human construction. We do not dis-
pose of an omniscient mind that can con-
struct all mathematical propositions and 
their negations in order to assume that the 
law of the excluded middle always holds. 
Brouwer criticized logicism’s statement 
that mathematics is an extension of logic 
and formalism’s affirmation that mathe-
matics is the practice of manipulating cha-
racters by following rules. For Brouwer the 
essence of mathematics was neither logic 
nor language. Language is just a medium 
to communicate the essence of mathemat-
ics: the mental construction19. Brouwer 
sustained that this mental construction of 
the mathematical edifice is grounded in a 
primordial intuition. Intuition is a way of 
knowing that is neither abstraction nor 
analogy. The primordial intuition is a di-
rect insight, an a priori introspection in 
the individual mind leading to the aware-
ness of time and mathematical construc-
tion20. Finally, the objective of intuitionism 
consists in grounding non-constructive 
mathematics in a constructive foundation. 
This objective was also put in question by 
Gödel’s incompleteness theorems. Accord-
ing to Gödel’s first theorem there is a ma-
thematical proposition that is not provable 
in strictly constructive principles21.   

Table 1 summarizes some philosophical 
positions of the three schools already dis-
cussed. 

II. A typology of the status of ma-
thematical objects: 

The previous section provides a brief 
historical background about the philo-
sophical debate regarding the essence of 
mathematics. Beside that debate, there is 
another discussion among philosophers 
and mathematicians about the status of 
mathematical objects22. Do they exist? 
How do we have access to them? This sec-
tion sketches different positions regarding 
the philosophical status of mathematical 
reality. For pedagogical reasons, I group 
these positions in four major types or 
models23. These four types are: realism, 
naturalism, constructivism and conven-
tionalism. Let us consider these positions. 
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 Logicism Formalism Intuitionism 
Project To ground mathematics’ 

certainty on logic.  
To establish the certitude of 
mathematics on deductive 
axiomatic method. 

To ground mathematics’ 
certainty on constructive 
bases. 

Essence of 
mathematics 

Logic 
Mathematical truths are 
logical truths. 

Language 
Truth is reduced to deduction 
from consistent axioms. 

Mental construction 
grounded on the intuition 
and finite operations. 

 
Table 1. Some philosophical elements of  logicism, formalism and intuitionism 

 
 

 
A. Realism  

Mathematical realism considers that 
mathematical objects have an objective 
reality and existence independently of the 
mathematician’s mind, language and con-
vention. For some realists, sometimes 
called Platonist realist, mathematics refers 
to an eternal, unchanging and ideal realm 
which is not part of space-time24. A defini-
tion does not construct an object. Rather it 
points to an existing object25. Frege and 
Gödel ere two figures that sustained this 
position. 

Frege believed that natural numbers 
exists independently of the mathematician 
mind26. They are not subjective product of 
the intellect. Gödel disagreed with the idea 
that mathematical objects are constructed 
out of definitions, concepts or attributes. 
Gödel affirmed that “we form our ideas 
also of those objects on the basis of some-
thing else which is immediately given”27. 
Gödel did not say what was this “some-
thing”. For him, we have access to objec-
tive mathematical objects due to a ma-
thematical intuition, analogous to sense 
perception, which leads to mathematical 
knowledge28. By means of this intuition, 
some mathematical principles “force 
themselves on us as being true”. Mathe-
matical objects exist independently of our 
constructions and we access them by 
means of mathematical intuition. However, 
mathematical intuition is fallible and can 
lead us to paradoxes (such as Russell’s 
paradox). To understand and grasp the 
properties of mathematical objects we 

have to go beyond mathematical intuition 
and axiomatic descriptions. Axioms and 
mathematical intuitions do not contain a 
complete description of the mathematical 
reality, which is a consequence to the first 
incomplete theorem29. In order to proof 
some simple propositions in elementary 
mathematics we have to go to richer theo-
ries, e.g., real analysis and set theory.  

Finally, realists affirm that mathemati-
cal truths are a priori and necessary 
truths. Mathematical propositions are not 
contingent as scientific propositions. They 
are prior and independent of any observa-
ble experience. Mathematics truths are 
necessary because they could not be oth-
erwise30.  

In spite of many efforts to address the 
issue, mathematical realism still has diffi-
culties in explaining how we, physical real-
ities, have access to “real” mathematical 
objects that exist in a mathematical realm 
independently of our minds.  

B. Naturalism31  

A naturalist challenges the idea that a 
physical being in a physical universe has 
access to a mathematical realm detached 
of his reality32. There is no a priori truth 
grounded in concepts and meaning inde-
pendent of facts. Quine, a representative 
of this position, accepts that some propo-
sitions are true in virtue of definitions, 
concepts and meaning. However, for him, 
this is not the central aspect of scientific 
knowledge. The only evidence relevant to a 
theory is sensory evidence. What exist is 
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concrete or physical. Mathematics is im-
portant and legitimate only to the extend 
that it aids science empirical sciences33. 
Mathematics has a central place in the 
process of understanding our physical 
universe and has the same status as the 
most theoretical aspects of science. Never-
theless, it is within science that reality is 
to be identified.  

Quine’s position affirms an epistemolo-
gy of objective truth-value. Quine affirms 
that sciences, including mathematics, do 
not look for extra-scientific criteria to 
judge mathematical or scientific truth. 
Scientific and mathematical truths are a 
posteriori objective truths grounded in 
empirical experiences34. Consequently, the 
application to our concrete physical un-
iverse is a criterion of mathematical truth 
(pragmatism). However, there is a problem. 
As a matter of fact, mathematicians in 
their practice do not depend on mathemat-
ical applications to ground and verify ma-
thematical truth.  

Mathematical naturalism experiences a 
major difficulty when it tries to justify 
highly abstract branches in mathematics 
that are developed without any empirical 
reference (set theory, abstract algebra, 
etc.). 

C. Constructivism.  
A constructivist argues that mathemat-

ical objects exist but as free creations of 
the human spirit35. He does not accept 
that mathematical propositions are true or 
false independently of the mathematician’s 
mental activity. Truth and false must be 
understood in a constructive sense36. The 
mathematician must show that there ex-
ists a method that enables the generation 
of the mathematical object. An intuitionist 
argues that there is no criterion of truth 
independent of the construction process in 
the human mind37. Consequently, a con-
structivist does not agree with truth-value 
realism38.  

The constructivist must address the 
challenge rise by the fact that our finite 
mind can produce infinite objects (num-
ber, functions, etc)39. 

D. Conventionalism 
For conventionalism mathematical ob-

jects are pure linguistic constructions40. A 
conventionalist sustains that mathemati-
cal language does not have real and exist-
ing reference41. Russell affirms that ma-
thematics can be reformulated in terms of 
properties and concepts with no reference 
to mathematical objects such as numbers, 
functions, classes, etc. This is Russell’s 
position during his “no-class” period. For 
him the mathematical objects are nothing 
else than logical fictions with a correct 
linguistic application. The introduction of 
a frame of reference and units is nothing 
else than an arbitrary convention. Think-
ing about mathematical reference, Putnam 
wrote “[…] reference itself begins to seem 
“occult”; that it begins to seem that one 
cannot be any kind realist without being a 
believer in non-natural mental power”42.  

In terms of mathematical truth there 
are different positions.  Some conventio-
nalists, such as Russell, believe in the 
objective truth-value of mathematical 
propositions. Others, such as Hartry 
Fields, sustain that the truth-value of ma-
thematics is vacuous since mathematical 
object does not exists. The proposition “all 
natural number are prime” lacks truth-
value because natural numbers do not 
exist.  

Conventionalism faces the difficulty of 
explaining the successful application of 
mathematics to the physical universe. 
How does a mathematical theorem, with-
out any reference, tell us something about 
the natural world and our human econom-
ic actions? 

Table 2 summarizes the four models, 
their conceptions of mathematical objects 
and truth, and their difficulties. 
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Models Object Status of mathematical 

truth 
Difficulty 

Realism 
(Gödel and Frege) 

Exists independent of the 
mathematician. 

A priori and necessary truths.  
Objective truth-value 

Justify access to the 
mathematical reality. 

Naturalism 
(Quine) 

Only concrete and physical 
objects exist.  

Neither a priori and neces-
sary nor purely empirical. 
Objective truth-value. 

Justify abstract mathe-
matics without relation-
ship with concrete ob-
jects. 

Constructivism 
(Brouwer) 

A mathematical object 
exists if it can be con-
structed.  

A priori, independent of ob-
servations. Not necessary, 
they depend on construction. 

Justify that our finite 
mind produces infinite 
objects. 

Conventionalism 
(Russell and Putnam) 

Mathematical objects are 
pure fictions. 
Mathematics does not 
make reference to existent 
mathematical objects. 

Some sustain objective truth-
value. 
Others think that truth-value 
of mathematics is vacuous.  

Explain the successful 
application of math, 
based on conventions, 
into the physical un-
iverse. 

 
Table 2. Four models concerning the philosophical status of mathematical objects.  

 
 
 

III. Jean Ladrière’s transcendental real-
ism and representational constructiv-

ism 
After presenting this historical back-

ground, let’s considers the mathematical 
philosophy of Jean Ladrière43 and his 
perspectives on the status of mathematical 
objects, method, truth and relationship 
with the physical world. Ladrière develops 
his reflection around the formal axiomatic 
systems, their coherence and their limits. 
He seeks to understand the ground of ma-
thematics, its rational project, and objec-
tives44. By presenting his philosophy of 
mathematics, we will see how Ladrière 
answers the four difficulties found in the 
four models concerning the status of ma-
thematical objects.  

A. The status of the mathematical objects: 
Ladrière elaborates a synthesis on some 

aspects from realism and constructivism. 
For him, the mathematical object is cha-
racterized, at the same time, by being con-
structed and given before the mathemati-
cal reflection45. Influenced by Gödel, La-
drière affirms that the mathematical ob-

jects exist already before all intellectual 
activity. In what could be considered a 
platonic position, he states that these ob-
jects are ideal. Consequently, mathematics 
explores a realm that is already consti-
tuted. At the same time, he also argues 
that mathematics provides itself its own 
objects and their existence by means of 
definitions and axioms46. The mathemati-
cal object manifests itself progressively 
through the history of mathematics. This 
manifestation occurs due to a dynamical 
construction of necessary symbolism, 
which constitutes a new language 
achieved in formalism47.  

Does that mean that Ladrière hesitate 
unsure between realism and constructiv-
ism? In order to see how Ladrière clarifies 
his positions, we must understand his 
analysis of the mathematical axiomatic 
method. Ladrière establishes a clear prin-
ciple: an object cannot be understood 
without referring it to a particular rational 
method. An object is not a pure reference 
to itself. Its meaning is found in relation to 
the objective and method of mathemat-
ics48. 
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B. Formal systems and the axiomatic me-
thod: 

Ladrière considers that a formal system 
is an ideal system constituted by a group 
of theorems, which are derived from 
axioms following a set of rules49. An axi-
omatic formal system consists of a group 
of conventions that determine a set of ob-
jects, a set of propositions and a set of 
theorems. The set of objects consists of a 
collection of elementary objects, also 
named elementary symbols or atoms, and 
of certain number of operations that per-
mits the construction of complex objects 
from atoms. An operation is a transforma-
tion that changes an entity into another 
entity, e.g. the arithmetic operations of 
addition, subtraction, multiplication, and 
division.  

It consists of elementary objects, opera-
tions, predicates, formation rules, a set of 
axioms, and rules of deduction. Consider 
the following example, the axiomatic for-
mal system of natural numbers as ex-
pressed by Peano.50 The example is shown 
from table 3 to table 5. 

 
Elements of a 
formal system 

System of natural numbers 

Elementary 
symbols 

The elementary object: “0”. 

Operations One operation: “S”. For all “x” in 
the system, Sx is the successor 
of x. 

Formation rules. 
A grammar that 
tells how formu-
las or proposi-
tions are to be 
constructed. 

Predicate: “=” 
If x and y belong to the system, 
x = y is a proposition of the 
system. 

Table 3. Morphological components: ele-
mentary symbols, operations and rules of 

formation in a formal system. 

 
This first part refers to the morphological 
components. Here we find concepts and 
symbols (also named elementary objects or 
atoms) are explicitly introduced. First, 
there is the explicit list of elementary pri-
mitive components. In this example, it is 
“0”. Then there is a list of operations that 
operate over the elementary symbols. Fi-

nally, there are formation rules that, fol-
lowing a set of predicates, form the propo-
sitions of the system from elementary ob-
jects. 
The second section is the axiomatic part. It 
consists of a set of axioms and rules of 
deduction. Axioms are propositions from 
which it is possible to derive theorems by 
following rules of deduction51.  
 
Set of axioms (i) There is a natural number “0” 

(ii) There is no natural number 
whose successor is 0. 
(ii) If x is a natural number, then 
the successor Sx is also a natural 
number. 
(iv) Distinct natural numbers have 
distinct successors. If x ≠ y, then 
Sx ≠ Sy. 
(v) If a property is possessed by 0 
and also by the successor of 
every natural number, then it is 
possessed by all natural num-
bers. (principle of induction). 

Rules of deduc-
tions 

If x = y, then Sx = Sy 

Table 4. Axiomatic part: set of axioms and 
rules of deduction 

 
Axioms have definitions that are in 

some way arbitrary and are presented as 
valid. The axioms are chosen freely. The 
only criterion for choosing these axioms is 
internal coherence. These axioms fix the 
meaning of propositions. The formulation 
of deductive rules eliminates all recourse 
to intuition52.  

Table 5 shows some examples of de-
rived propositions.  

 

Examples of 
derived proposi-
tions 

0 = 0; S0 = S0; S S0 = S S0, etc. 
General proposition: 
If “y” is an object of our system,  
y = y. 

Table 5. Examples of derived propositions 
in natural numbers. 

 
Analyzing the axiomatic method, La-

drière states in an article of 1966, that 
there seems to be a paradox. Mathematics 
explores a domain that is unknown; we do 
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not know in advance the properties of the 
mathematical objects. At the same time, 
mathematics provides to itself its own ob-
jects by doing some construction and crea-
tion53. Consequently, mathematics is par-
tially constructed and partially given. Well, 
this paradox turn to be apparent. Ladrière 
solves this paradox by distinguishing be-
tween the mathematical object and its 
representation. There is a duality between 
mathematical reality and its representa-
tion in a mathematical language. Let’s 
consider these two aspects and their rela-
tion.  

1. PRIORITY OF MATHEMATICAL REALITY  
Ladrière proposes the following thesis: 

mathematical reality is objective and is 
autonomous from the mathematical me-
thod. Mathematical objects are accessible 
by means of mathematical representations. 
These representations constitute a mathe-
matical language that enables the object’s 
concrete manifestation54. Therefore, ma-
thematical reality is before and beyond the 
formal language.55  

According to Ladrière, three arguments 
sustain this thesis: the history of mathe-
matics, the plurality of axiomatic ap-
proaches and the inadequacy of axiomatic 
systems.56 The argument of the history of 
mathematics is as follows. There is a his-
torical process, marked by contingency 
and intuitions, in which we discover and 
grasp mathematical objects and their un-
derstanding. However, once we grasp 
these objects, we leave behind this contin-
gent process and express it in a formal 
system. This formal system expresses and 
grounds what was known before57. The 
second argument, the plurality of axiomat-
ic approaches, shows that the same ma-
thematical objects can be represented 
through different axiomatic systems. The 
same object is delimitated by different de-
finitions that belong to different axiomatic 
processes.58 The third argument is the 
inadequacy of the axiomatic systems. La-
drière interprets Gödel’s theorem of in-
completeness as an evidence of the insuf-
ficiency of axiomatic systems’ representa-
tion of mathematical reality.59 Therefore, 

mathematical reality exceeds all intellec-
tive and linguistic effort. Mathematical 
reality is autonomous with respect to our 
intellectual effort.  

2. MATHEMATICAL REPRESENTATION AS THE 
CONDITIONS OF THE POSSIBILITY TO APPREHEND 

THE MATHEMATICAL REALITY. 
Language enables the mathematical 

formal object to obtain, metaphorically 
speaking, a body to manifest itself.60 The 
axiomatic method is a valuable instrument 
for the study of mathematical reality. It 
enables us to grasp and delimitate the 
object. The formalization helps us have 
access to the mathematical formal objects 
through an experience that is neither an 
immediate intuition of the mathematical 
reality (against intuitionism) nor an empir-
ical experience (against naturalism).61 The 
choice of criteria, rules, operations and 
axioms determine the type of object that 
will be manifested. In other words, our 
access to a particular type of object de-
pends on particular choices we made at 
the internal structure of formal languages. 
These choices (axioms, rules, definitions, 
operators) do not determine the internal 
structure of the object, but our possible 
access to it. As a consequence, the method 
is proportioned to the nature of the object. 
The diversity of axiomatic methods corres-
ponds to the diversity of mathematical 
objects.62 The apparent subjectivity in the 
choice of criteria, axioms, operators and 
rules is really an adaptation of the method 
to the rigorous requirements of the object 
itself. Mathematical axiomatic formal lan-
guage should not be understood as a crea-
tion of an object, but as the development 
of an access to it.63  

Gödel theorem is interpreted as follows: 
the linguistic manifestation is partial, his-
torical and never total64. There is a horizon 
of mathematical reality that is always open 
and never fully apprehended in the forma-
lization project. However mathematical 
rationality is partial, historical and con-
stantly becoming. Gödel’s theorems show 
that reason is not always victorious, mas-
ter of the world and of itself. On the con-
trary, it is a humble effort always uncer-
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tain, discontinuous, limited and in devel-
opment. It is always in need to integrate 
its own failures.65 

C. Mathematics relations to the physical 
world.  

Against a platonic conception, Ladrière 
sustains that our access to the mathemat-
ical realm is constituted initially through 
perceptive experiences. There is a double 
movement of going from the perceptive 
world to the mathematical realm and re-
turning back. This double movement ex-
plains the fact that mathematics is an 
efficient instrument in the knowledge of 
the physical universe. The relationship 
between the mathematical object and the 
physical world happens at the genesis of 
the object’s representation and at its utili-
zation. 

1. THE GENESIS OF THE OBJECT’S REPRESENTA-
TION: A MOVEMENT FROM THE CONCRETE TO 

THE GENERAL AND ABSTRACT. 
The development of mathematical re-

presentation is a historical process that 
depends on the relationship to the sensi-
ble world by means of three steps: sche-
matization, thematization and the abstrac-
tion of general structures.66  

(i) Schematization. By starting from the 
experience of concrete objects and their 
complexity we extract progressively a 
schema by which we substitute a per-
ceived object with a formal object. At this 
step there is a clear relationship between 
mathematics and perception. 

(ii) Thematization. From different levels 
of abstraction, we develop more abstract 
theories. At this step there is no more di-
rect relationship to the perceptive physical 
world.  

(iii) General abstract structures. Final-
ly, we group a series of theories that are 
alike in order to develop more abstract and 
general domains of objects.67  

Concrete objects and physical situa-
tions or problems suggest mathematical 
objects and theories.68 This is a movement 
from perceived and sensible objects, forms 
and structures to abstract objects and 

structures. Nevertheless, mathematical 
objects do not have the same status as 
concrete physical objects69. In the genesis 
of the object’s representation, once we 
arrive to the step of thematization, the 
mathematical object is autonomous and 
has a priority over its process of genesis. 
There is no more reference to the sensible 
world. Consequently, mathematics cannot 
be reduced to physics. At the same time, 
Ladrière critics the platonic vision that 
mathematical objects subsist in them-
selves as floating things. He sustains that 
mathematical reality is autonomous from 
the sensible world, but is neither an inde-
pendent nor autarchic reality from the 
physical world. Applications show there is 
a mediation between both, the mathemati-
cal reality and the physical reality.70  

2. APPLICATIONS: MOVEMENT FROM THE AB-
STRACT TO THE CONCRETE. 

An application is a movement from ab-
stract structures and objects to concrete 
objects, structures and situations. Al-
though mathematical reality is autonom-
ous with respect to the physical reality, 
the genesis and the applications of ma-
thematics shows there is a mediation be-
tween the abstract mathematical realm 
and the physical world. Ladrière states 
that this mediation is characterized by our 
“interpretation”.71 Interpretation is a rela-
tion between the propositions of the formal 
system and their mathematical objects 
with other mathematical disciples. For 
example, we can relate arithmetic’s objects 
and propositions with algebraic structures 
and set theory objects. Another example is 
the relationship developed by Descartes 
between geometry and algebra. There is 
another type of interpretation: the rela-
tionship between mathematical systems 
and physical systems. For example, the 

mathematical expression 
2

2

d xF m ma
dt

= =  

can be interpreted in terms of its applica-
tion to a mechanical system: force is mass 
times the acceleration of an object. Inter-
pretation enables the formal knowledge to 
enter into the domain of phenomena, 
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which is the domain of the empirical expe-
riments.  

The application of mathematics is an 
interpretation of the mathematical formal 
system and at the same time it is a hypo-
thetical representation of a physical 
process or phenomenon we want to un-
derstand. In this hypothesis we have to 
choose between different formal systems 
because some applies better than others, 
and some do not apply at all. A scientist 
has to verify that a particular system 
represents well a physical reality.72  

D. Mathematical truth and the criterion of 
truth: 

Ladrière’s analysis of the axiomatic 
formal method makes him conclude that 
mathematical reality and truth are objec-
tive. Mathematical truth is independent of 
our intellectual effort.73 However, we can 
never remove completely the uncertainties, 
shadows and opacity that surrounds our 
apprehension of mathematical objects and 
truths due to the fact that we cannot fully 
represent mathematical reality and its 
truth in a closed formal system. 

Although Ladrière is not explicit about 
the criteria of truth in formal sciences, we 
can understand it thanks to the notion of 
interpretation. The criterion of correspon-
dence is applied here because a formal 
system is “verified” in its relationships 
with other formal systems. It can also be 
verified with empirical phenomena, such 
as mechanical processes. The criterion of 
coherence is used to confirm that a par-
ticular proposition is “coherent” with the 
rules of deduction and with other proposi-
tions, including axioms of the formal sys-
tem. The fact that a formal system would 
not have longtime interest if it is not inter-
preted, implies a version of the pragmatic 
criterion of truth: the utility a formal sys-
tems in terms of its use to interpret other 
formal system and the domain of empirical 
phenomena. Even highly abstract mathe-
matical systems can become an instru-
ment for scientific development such as 
non-Euclidean Riemann’s geometry, which 
inspired Einstein’s General Theory of Rela-
tivity, and Hilbert’s space, which enabled 

Quantum Mechanics.  These examples 
imply that formal systems are open to be 
applied to the domain of empirical pheno-
mena.  

 
III. Xavier Zubiri: mathematical re-

ality as constructed by postulation 

Let us consider in this section Zubiri’s 
mathematical philosophy and his perspec-
tives on the status of mathematical ob-
jects, method and truth. His reflection on 
the subject is grounded in his notion of 
sentient intelligent that enables him to 
overcome many difficulties encountered in 
the classical models, while avoiding La-
drière’s dualism between mathematical 
reality and our representation of it.74  

A. Mathematical objects 
For Zubiri, mathematical objects have 

reality before intelligence.75 However, it is 
not a reality that subsists by itself, but a 
postulated reality.76 Mathematical objects 
are not only apprehended, they are con-
structed by the intelligence and they have 
a reality by postulation. According to Zubi-
ri, there are two types of real things. First, 
there are things that are real in and by 
themselves, e.g., a stone, a tree, an ani-
mal, a human being. Second, there are 
things that are made real by means of an 
intellectual construction according to con-
cepts.77 Mathematical objects correspond 
to the second type.78 The content and the 
mode of reality are different: the stone, 
which is a perceptive reality, is real in and 
by itself while the circle has a reality by 
postulation. The reality of a mathematical 
object, is placed by a double act: (i) a defi-
nition of that reality, and (ii) a postulation 
of its reality.79 Therefore, mathematical 
realities are realities defined and post-
ulated.  

Zubiri disagrees with mathematical 
transcendental realism, because he denies 
that mathematical objects are in and by 
themselves real. He also disagrees with 
formalism and its notion that mathematics 
is grounded on language. Mathematics is 
neither a system nor a language defined 
by operations, concepts and rules. Zubiri 
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also disagrees with Brouwer’s intuitionism 
and his position that the foundation of 
mathematics is a series of executed opera-
tions and the data of intuition. Finite or 
infinite sets are not formally intuitive. Ac-
cording to Zubiri, we do not have an intui-
tion (immediate, direct, unitary vision of 
something) of a set of elements. A set of 
elements is the results of an act of con-
struction in and by the intellect. It is the 
application of the concept of set, concept 
already constructed in the intellect, to the 
diversity of the given80. Zubiri also criticiz-
es Brouwer is his affirmation that the es-
sence of construction is the execution of a 
series of objective operations. Brouwer’s 
sets and operations are objective concepts 
(conceptives). Mathematics is not about 
objective concepts, it is about “things 
which are thus”.  

A mathematical object is neither real 
by a mere definition nor by the execution 
of a series of operations. A mathematical 
object is real by a postulation that realized 
a content (properties and existence) freely 
determined81. The mode of intellection is 
not a mere conceptuation, in the sense of 
idealization, but a realization. The exis-
tence and the properties of a mathematical 
object are freely postulated. It is a real 
object constructed according to concepts. 

In order to understand Zubiri’s notions 
of realization as construction according to 
concepts, we need to understand his con-
ception of mathematical method. 

B. Mathematical method: construction ac-
cording to concepts.  

Formalists affirm that deduction is the 
heart of mathematical method. According 
to Zubiri, that is not the case. Deduction 
is not a method, but part of the logical 
structure of mathematics. Mathematical 
judgments and the logical structure of the 
reasoning process are not formally a me-
thod, but something the mathematical 
structure must respect. It is not enough to 
define rules of deductions; we have to 
“make” the deduction by operating, trans-
forming and constructing within mathe-
matical reality82. Mathematical method is 

not the means by which we reach mathe-
matical reality, as affirmed by Ladrière. 
The method is already installed in the ma-
thematical reality by the process of post-
ulation. The mathematical method moves 
in reality itself83.  

Zubiri states that a method is forging a 
way in order to deepen reality itself, 
whether given or postulated reality. In all 
methods there are three moments: (a) the 
establishment of a system of reference, (b) 
the sketch and (c) the experience or test-
ing. These three moments are not inde-
pendent or purely sequential. Each one re-
covers the other. Let’s consider each of 
these moment in the mathematical me-
thod.  

1. THE ESTABLISHMENT OF A SYSTEM OF REF-
ERENCE.  

Mathematical reality has been post-
ulated by suggestion of field reality be-
cause reason already moves in field reality 
qua reality84. Mathematical reality is not 
synonym of field reality85. The field reality 
is converted into a system of reference by 
which mathematical reality has a content. 
At the same time, this content follows a 
suggestion in the field reality. Nonetheless, 
the field reality (acting as a suggestion) 
and the system of reference (which enables 
the content of the mathematical reality) 
are not identical86. Let’s consider an ex-
ample, the relationship between perceptive 
space (field reality) and geometric space 
(system of reference). The perceptive space 
or field space has some real characteris-
tics. Reason converts this perceptive field 
or space into a geometric space (Euclidean 
space, Hilbert’s space, Riemann’s, or 
another), which is a system of reference. 
Geometry consists of a free system of 
axioms, definitions, rules of constructions, 
and rules of deductions that postulates 
the precise content of the geometric 
space87. Geometric reality is a postulated 
reality, a reality constructed according to 
geometric concepts. Although the percep-
tive field space suggests some elements to 
sketch a geometrical space, they are not 
identical. The content of the geometric 
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space (real characteristics postulated by 
axioms, definitions and rules) is different 
of the perceptive pre-geometric space.  

Every mathematical object is defined 
and postulated in this system of reference 
to which it belongs88. The reality of a ma-
thematical object is apprehended in refer-
ence to this system of reference89. It is the 
whole system of reference which is defined 
and postulated. The mathematical realm is 
not a juxtaposition of independent ma-
thematical objects. Every mathematical 
object has meaning and reality in a par-
ticular system of reference. 

2. THE FORMAL TERMINUS OF THE MATHEMATI-
CAL METHOD: THE SKETCH 

The sketch is precisely what is con-
structed by the conversion of a field reality 
into a system of reference90. This sketch of 
reality is a mathematical construction. The 
content of the sketch is freely constructed 
according to concepts. As Zubiri affirms: 

The mathematical object is not consti-
tuted by the postulates; rather, what 
the postulates define is the “construc-
tion” before the intelligence of that 
whose realization is postulated, and 
which acquires reality by this postula-
tion.91 

This is not a construction of objective con-
cepts, but the construction of mathemati-
cal object through concepts92. Mathemati-
cal objects have properties that are defined 
through axioms and other mathematical 
concepts93. However, there are more prop-
erties de suyo in this object than those 
defined.  

The sketch relies in the suggestion 
coming from the field reality and at the 
same time is independent from it. Its inde-
pendence enables a free creation of the 
whole content, which implies that reason 
constructs the properties of objects and 
their basic structure94. In Zubiri’s words: 

Although my free construction adopts 
models or basic structures taken from 
the field, nonetheless the free construc-
tion is not formally constituted by what 

it adopts; if it does adopt it, it does so 
freely.95 

This free construction consists in creating 
a content with full freedom by postulation. 
We “sketch a free system of axioms” that 
determines the content of reality96. These 
axioms are not truths that I freely state by 
means of linguistic affirmations. Axioms 
are about real characters that I freely 
sketch97. 

What is the role of conclusion and de-
duction in the sketch? In any deduction, 
the conclusion has two moments that are 
inseparable but different. The first mo-
ment, called the moment of necessary 
truth of a mathematical judgment, refers 
to a conclusion that follows necessarily 
from axioms, definitions and rules of de-
ductions. In the second moment, the mo-
ment of apprehension of reality, when I 
affirm that A “is” B, I am affirming not 
merely a truth, but a real property of a 
mathematical object: A “is really” B. Con-
sequently, mathematics is not a pure logic 
about truths, but it is a science about re-
ality98. The moment of apprehension of 
reality precedes the moment of necessary 
truth because mathematical axioms are 
about real characters and not truths99. 
Reality precedes logical judgments100. The 
intrinsic unity of these two moments, ne-
cessary truth and apprehension of reality, 
is what constitutes the experience as “com-
probación”, which is translated as testing-
together101. 

3. METHOD AS EXPERIENCE102: “COM-
PROBACIÓN” AS TESTING-TOGETHER. 

According to Zubiri, this is a mode of 
mathematical experience that tests post-
ulated realities. What we are testing or 
verifying here is not the truth of a mathe-
matical affirmation, but the verification of 
mathematical reality in its truth. Mathe-
matical methods leads us to apprehend 
the reality of A “as being” B103. By means of 
mathematical experience, I am testing 
together the reality of A and the reality of 
B in the formula A “as being” B104.  



Mathematical Realism in Jean Ladrière and Xavier Zubiri 17 
_____________________________________________________________________________________________________ 

 

 
 XAVIER ZUBIRI REVIEW 2009 

C. Mathematical truth and verification 
What is postulates is real before is 

true. Therefore, mathematical reality pre-
cedes mathematical truth. Zubiri inter-
prets Gödel’s theorem as follows: what is 
constructed by postulation has “de suyo” 
more properties than the properties formally 
postulated105. After distinguishing between 
mathematical truths and mathematical 
reality, Zubiri asks if mathematics truths 
are exact or an approximation of mathe-
matical reality? Zubiri concludes that ma-
thematical truths are not completely ade-
quate to mathematical reality. The adequ-
ation between mathematical judgments 
and the mathematical reality is only a re-
mote goal of a never-ending dynamism of 
the intellect. All true judgments, which are 
in conformity with reality, point to this 
unreachable far-off goal of adequation106. 
Consequently, all mathematical judgments 
that are true are structural approxima-
tions to what should be a truth adequate 
to reality. Approximation here does not 
mean inaccuracy, falsehood or deficiency. 
It means gradual. Mathematical judg-
ments are truth and necessary, but they 
approximate the whole mathematical reali-
ty. We are not capable, in a mathematical 
judgment, to apprehend the whole reality 
of a mathematical object. Conformity can 
become more and more adequate in a dy-
namic and historical process107. As Zubiri 
affirms, if the mathematical reality:  

…had no structural properties other 
than those defined and postulated, 
every mathematical judgment would be 
true in the sense of being just an as-
pect, and therefore everything defined 
and postulated would be adequately 
apprehended in each thing. But this is 
not the case.108.  

This follows from his interpretation of 
Gödel’s theorem. In his own words: 

Gödel’s theorem shows that the whole 
thus postulated and defined necessarily 
has properties which go beyond what 
was defined and postulated. This defini-
tion and these postulates in fact pose 

questions which are not resolvable with 
them alone. And therefore these solu-
tions are just the discovery of proper-
ties which go beyond what was defined 
and postulated. Then the adequate in-
tellection of each thing in this whole is 
left, at each step, outside of what was 
defined and postulated, properties 
which intellective movement does not 
achieve. These properties are not just 
“more” definitions and postulates, but 
rather are necessary properties of the 
thing and confer upon its reality a dis-
tinct structure in the complete whole.109 

Against Leibniz, Zubiri rejects the notion 
that mathematical truths are eternal 
truths grounded in concepts. Mathemati-
cal truths are necessary, but their necessi-
ty is grounded on the reality as given in 
and by the postulates110.  

D. Relationship between mathematics and 
physical world 

An analysis of Zubiri’s thought shows 
that for him the relationship between ma-
thematics and the physical world depends 
on three postulates intimately connected: 
(i) the postulate that cosmic reality has a 
mathematical structure111; (ii) the creation 
of a content of a sketch; (iii) then the post-
ulate that this sketch corresponds to a 
particular cosmic reality. The first one is 
the postulate that science has followed 
since the success of Galileo. The second is 
suggested by a field reality and con-
structed according to concepts. The final 
postulate refers to the structure of scien-
tific hypothesis. Of course, there are many 
possible systems of references and 
sketches. Part of the scientific method is to 
choose one sketch among all possible sys-
tems of reference and sketches and testing 
it. In this point Ladrière and Zubiri coin-
cide.  

IV. Conclusion 

Table 6 summarizes the major posi-
tions of Ladrière and Zubiri regarding 
some issues and debates in philosophy of 
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mathematics. An initial reading shows 
many similarities and proximities. Both 
agree in the priority of mathematical reali-
ty over language and their affirmation that 
mathematical reality exceeds mathemati-
cal judgments. They sustain the idea that 
perceived reality suggests mathematical 
abstraction, although mathematical reality 
is autonomous. They also agree also that 
mathematics is always open to be applied 
to physical realities, structures and situa-
tions.  

However, there are some major differ-
ences. Ladrière sustains a dualism be-
tween mathematical reality and the ma-
thematical symbolic language. The first is 
given while the seconfd is constructed. In 
the background, Ladrière conceives ma-
thematics reality in terms of concipient 
intelligence; as something given to the 
intelligence. Mathematicians conceptualize 
mathematical reality by means of mathe-
matical symbols, defined concepts, rules 
and axioms of truth. For Ladrière, the es-
sence of mathematics is language. This is 
what Zubiri calls the logification of intellec-
tion112, which is the classical view that 
subsumed intellection under the logos.  

Zubiri avoid this dualism thanks to his 
notion of sentient intelligence. Mathemati-
cal reality is not a realm separated from 
our intellect. We are already in this post-
ulated reality constructed according to 

concepts and this is precisely the quintes-
sence of mathematics.  

Finally, Ladrière and Zubiri share an 
important aspect in their respective phi-
losophy: the historicity and fragility of ma-
thematical reason. Before Gödel, mathe-
maticians and philosophers thought pro-
vides an objective and exact knowledge of 
an ideal object. Mathematics was always 
in an unstoppable progress capable of 
total success and certainty. After the 
“foundational crisis” this changes dramat-
ically. Ladrière sustains that mathematical 
rationality, and rationality in general, is 
partial, limited and historical. It is discon-
tinuous, bound to ensure permanently its 
own foundation and in need to integrate 
its own failures. Mathematics must be in 
constant adaptation and control of its me-
thods in order to arrive to some certainty. 
For Zubiri, reason is a search that is ac-
complished, realized and verified histori-
cally113. All knowledge is always open and 
limited due to human, social and histori-
cal limits. Also all knowledge is always 
open to be surpassed because all sketches 
are limited chosen from partial systems of 
reference114. As a consequence, all efforts 
to reduce our knowledge of reality to a 
particular system and sketch rest at least 
problematic if not impossible. History of 
science has shown that all reductionist 
projects have failed.   
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 Ladrière Zubiri 

Mathematical object Mathematical objects are given. Howev-
er, the mathematician constructs his 
access to it by means of objective (con-
ceptive) concepts.  

Existence and properties of a mathemati-
cal object are defined and postulated. 
They are freely constructed according to 
concepts.  

Foundation of ma-
thematics. 

Mathematical reality precedes the lan-
guage that allows its manifestation. 

The reality of mathematical objects. They 
receive their reality from a system of ref-
erence.  

Essence of mathe-
matics 

The essence of mathematics is a formal 
language defined by operations, (con-
ceptive) concepts and rules. We reach 
mathematical reality by means of this 
formal language.  

Mathematics is neither logic nor language. 
It is a science about a reality constructed 
according to concepts. We are already 
installed in the mathematical reality. 

Interpretation of 
Gödel’s first theorem 
of incompleteness. 

Mathematical reality always exceeds and 
goes beyond the axiomatic formal lan-
guage, which is partial, historical and 
never total. There is a horizon of mathe-
matical reality that is always open and 
never fully grasped.  

There are real properties that go beyond 
what was defined and postulated. What is 
constructed by postulation has “de suyo” 
more properties than the properties for-
mally postulated. 

Mathematical truth Mathematical reality and its truths are 
objective and independent of our intellec-
tual effort. However, we can never re-
move completely the uncertainties of our 
apprehension because we cannot 
represent fully mathematical reality in a 
closed formal system. 

Mathematical truths are necessary but not 
eternal truths. All mathematical judgments 
that are truth are in conformity, but not in 
adequation, with mathematical reality. 
They are approximations to what should 
be a truth adequate to reality. 

Q1: access to ma-
thematical reality. 

Mathematical objects manifest them-
selves through the formal language’s 
representation. We develop the mathe-
matical logos that grasps such represen-
tations. 

Mathematical reality is not separated from 
our intellect. The separation is part of a 
concipient intellect not of a sentient intel-
lect.  

Q2: relation between 
abstract mathemat-
ics and concrete 
objects 

Mathematical reality is autonomous with 
respect to perception. However, abstract 
mathematical representations are devel-
oped through: schematization, themati-
zation and abstraction of general struc-
tures.  

Mathematical sketch has been postulated 
by suggestion of field reality and at the 
same time is independent from it. Its inde-
pendence enables a free creation of the 
whole content according to concepts. 

Q3: how can we with 
a finite mind can 
construct infinite 
objects? 

We do not construct the object, but its 
objective representation. We adapt the 
method to reach a diversity of objects in 
a historical process.  

We defined and postulate real mathemati-
cal objects. Construction is a creative 
capacity to define and postulate an unli-
mited number of objects.  

Q4: how we explain 
successful applica-
tion of mathematics 
to the physical un-
iverse? 

There is a process of interpretation and 
elaboration of a hypothesis that a formal 
system represents a physical phenome-
non. This demands a process of verifica-
tion.  

By three postulates: (i) the cosmic reality 
has a mathematical structure; (ii) the 
creation of a sketch’s content; (iii) the 
postulate that a sketch corresponds to a 
cosmic reality. Finally by testing these 
three postulates. 

Table 6. Comparative analysis between Ladrière and Zubiri. 
 

 



20 Luis O. Jiménez Rodríguez 
____________________________________________________________________________________________________ 

 

 
 XAVIER ZUBIRI REVIEW 2009 

Bibliography 
 

AYER, A.J., Language, Truth and Logic, 
Dover Publications, Inc., 2nd Ed., New 
York, 1952. 

DUBUCS, Jacques, “Constructivisme”, in 
LECOURT, Dominique (ed.), Dictionaire 
d’histoire et philosophie des sciences, 
Presses Universitaires de France, Par-
is, 2006. 

FREGE, Gottlob, “The concept of number”, 
in BENACERRAF, Paul, PUTNAM, Hilary, 
(Eds.), Philosophy of mathematics. Se-
lected Readings, London, Cambridge 
University Press, 2nd Edition, 1985 

DÍAZ MUÑOZ, Guillerma, “Zubiri, Lakatos y 
la crisis gödeliana del fundamento ma-
temático,” Xavier Zubiri Review, Volu-
me 2, 1999, pp. 5-26. 

HEYTING, Arend, “The intuitionist founda-
tions of mathematics,” in BENACERRAF, 
Paul, PUTNAM, Hilary, (Eds.), Philoso-
phy of mathematics. Selected Readings, 
London, Cambridge University Press, 
2nd Edition, 1985 

JARROSSON, B.,  Invitation à la philosophie 
des sciences, Éditions du Seuil, Paris, 
1992 

KNEEBONE, G. T., Mathematical Logic and 
the Foundations of Mathematics. An In-
troductory Survey, Dover Publication 
Inc., New York, 2001. 

Ladrière, Jean, Les limitations internes des 
formalismes, Études sur la signification 
du théorème de Gödel et des theorems 
apparentés dans la théorie des fonde-
ments des mathématiques, Louvain, 
Ed. Nauwelaerts, 1957 

LADRIÈRE, Jean, “La philosophie des 
mathématiques et le problème du for-
malism” in Revue Philosophique de 
Louvain, Tome 57, Louvain, Editions 
de l’Institut Supérieur de Philosophie, 
1959, p.600-622. 

LADRIERE, Jean, “Objectivité et réalité en 
mathématiques,” in Revue Philosophi-
que de Louvain, Tome 64, Louvain, 
Editions de l’Institut Supérieur de Phi-
losophie, 1966, p. 550-581. 

LADRIÈRE Jean, L’articulation du sens. I. 
Discours scientifique et parole de la foi 
(Cogitatio fidei, 124), Paris, Cerf, 1970 

LAUGIER, Sandra, “”Nominalisme mod-
erne”, in LECOURT, Dominique (ed.), 
Dictionaire d’histoire et philosophie des 
sciences, Presses Universitaires de 
France, Paris, 2006, p. 812-813. 

NADEAU, Robert, “Logicisme”, in LECOURT, 
Dominique (ed.), Dictionaire d’histoire 
et philosophie des sciences, Presses 
Universitaires de France, Paris, 2006, 
p. 680-685. 

VON NEUMANN, Johann, “The formalist 
foundations of mathematics,” in BENA-
CERRAF, Paul, PUTNAM, Hilary, (Eds.), 
Philosophy of mathematics. Selected 
Readings, London, Cambridge Univer-
sity Press, 2nd Edition, 1985 

PEAT, F.D.,  From certainty to uncertainty: 
the story of science and ideas in the 
twentieth century, John Henry Press, 
Washington, D.C., 2002. 

PUTNAM, Hilary, “Models and Reality,” in 
BENACERRAF, Paul, PUTNAM, Hilary, 
(Eds.), Philosophy of mathematics. Se-
lected Readings, London, Cambridge 
University Press, 2nd Edition, 1985. 

RUSSELL, Bertrand, “Selections from Intro-
duction to Mathematical Philosophy”, 
in BENACERRAF, Paul, PUTNAM, Hilary, 
(Eds.), Philosophy of mathematics. Se-
lected Readings, London, Cambridge 
University Press, 2nd Edition, 1985 

SHAPIRO, Steward, Thinking about mathe-
matics. The philosophy of mathematics, 
Oxford University Press, New York, 
2000. 

VAN STIGT, Walter P., Brouwer’s Intuition-
ism, Elsevier Science Publisher, Ams-
terdam, 1990. 

ZUBIRI, Xavier, Inteligencia Sentiente. Inte-
ligencia y Realidad, Alianza Editorial, 
Madrid, 1980. 

ZUBIRI, Xavier, Inteligencia y Logos, Alianza 
Editorial, Madrid, 1982. 

ZUBIRI, Xavier, Inteligencia y Realidad, 
Alianza Editorial, Madrid, 1983. 
 



Mathematical Realism in Jean Ladrière and Xavier Zubiri 21 
_____________________________________________________________________________________________________ 

 

 
 XAVIER ZUBIRI REVIEW 2009 

 
Notes 

 

 
1 SHAPIRO, Steward, Thinking about mathemat-

ics. The philosophy of mathematics, Oxford 
University Press, New York, 2000, p. 108. 

2 Objective truth-value means that a proposi-
tions can have a value of “true” or “false”.  

3 SHAPIRO, p. 29. 
4 “[…] arithmetic laws are analytic judgment, 

and therefore a priori. According to this, 
arithmetic would be only a further developed 
logic, every arithmetic theorem a logical law, 
albeit a derived one”. FREGE, Gottlob, “The 
concept of number”, in BENACERRAF, Paul, 
PUTNAM, Hilary, (Eds.), Philosophy of mathe-
matics. Selected Readings, London, Cam-
bridge University Press, 2nd Edition, 1985, 
p. 153. 

5 Russell wrote in a note of an article the fol-
lowing: “[…] classes may be regarded as logi-
cal fictions, manufactured out of defining 
characteristics. But for the present it will 
simplify our exposition to treat classes as if 
they were real”.  

RUSSELL, Bertrand, “Selections from Introduc-
tion to Mathematical Philosophy”, in BENA-
CERRAF, Paul, PUTNAM, Hilary, (Eds.), Philoso-
phy of mathematics. Selected Readings, Lon-
don, Cambridge University Press, 2nd Edi-
tion, 1985, p. 169. 

6 Quoted by Shapiro, p. 158. Hilbert himself 
wrote: “Qu’en serait-il de la vérité de notre 
savoir, de l’existence et du progrès de la 
science s’il n’y avait au moins en mathéma-
tique une vérité solide?” Quoted by Ladrière 
in  

LADRIERE, Jean, Les limitations internes des 
formalismes, Études sur la signification du 
théorème de Gödel et des theorems apparen-
tés dans la théorie des fondements des ma-
thématiques, Louvain, Ed. Nauwelaerts, 
1957, p. 1. 

7 As Ladrière affirms, this is the platonic doc-
trine of the adequation of intelligence to 
ideas, LADRIÈRE, 1957, p. 2. 

8 Hilbert himself affirmed this by the following 
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Quoted by LADRIÈRE, 1957, p. 4.  

9 VON NEUMANN, Johann, “The formalist founda-
tions of mathematics,” in BENACERRAF, Paul, 
PUTNAM, Hilary, (Eds.), Philosophy of mathe-
matics. Selected Readings, London, Cam-

 
bridge University Press, 2nd Edition, 1985, 
p. 63. 

10 Consistency of a collection of axioms is the 
fact that they do not contradict each other. A 
formalized theory Fs is consistent if it not 
possible to derive a contradiction, such A = B 
and A ≠ B, using the axioms and the rules of 
Fs. That means that a theorem Tm and its 
negation could be proved in an inconsistent 
formalized system. 

11 SHAPIRO, p. 149. 
12 Ibid., p. 22.  
13 The Second incompleteness theorem can be 

expressed as follows: According to the first 
theorem, we can formalize “derivable in Fs” 
and derive in Fs the following proposition: (i) 
If Fs is consistent, then Ps is not derivable in 
Fs. However we can express the proposition 
“Ps is not derivable in Fs” as Ps*. Consequent-
ly we can prove the following: (ii) If Fs is con-
sistent, then Ps* is derivable in Fs. This con-
tradicts (i), which is the first incompleteness 
theorem. Consequently, no consistent theory 
can prove its own consistency. See SHAPIRO, 
p. 167. 

14 A mathematical proposition is not provable 
in a system if it neither derivable from the 
axioms and rules of deduction nor refutable. 
See LADRIÈRE, 1957, p. 40. 

15 SHAPIRO, p. 166. 
16 As we will see, for Ladrière there is “more” 

truth and for Zubiri there is “more” reality.  
17 KNEEBONE, G. T., Mathematical Logic and the 

Foundations of Mathematics. An Introductory 
Survey, Dover Publication Inc., New York, 
2001, p. 247. 

18 It is a law that affirms about a mathematical 
proposition Λ the following: either Λ or not Λ. 
This is normally written as Λ ∨ ¬Λ. This is 
closely related to the bivalence principle that 
all propositions have only two possible val-
ues: “true” or “false”.  

19 Another intuitionist, Heyting, expresses the 
following: “[An intuitionist] uses language, 
both natural and formalized, only for com-
municating thoughts, i.e., to get to others or 
himself to follow his own mathematical 
ideas. Such a linguistic accompaniment is 
not a representation of mathematics; still 
less is it mathematics itself”.  
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HEYTING, Arend, “The intuitionist foundations of 

mathematics,” in BENACERRAF, Paul, PUTNAM, 
Hilary, (Eds.), Philosophy of mathematics. Se-
lected Readings, London, Cambridge Univer-
sity Press, 2nd Edition, 1985, p. 52-53. 

20 VAN STIGT, Walter P.,  Brouwer’s Intuitionism, 
Elsevier Science Publisher, Amsterdam, 
1990, p. 173. 

21 DUBUCS, Jacques, “Constructivisme”, in LE-
COURT, Dominique (ed.), Dictionaire d’histoire 
et philosophie des sciences, Presses Universi-
taires de France, Paris, 2006, p. 277. 

22 In philosophy of mathematics objects refer to 
numbers, points, functions, sets, geometric 
objects, etc. 

23 I am in debt of Shapiro’s work, although I 
modify some elements of his typology.  See 
Shapiro’s Thinking about mathematics. The 
philosophy of mathematics. 

24 They are called Platonist because their no-
tion of mathematical objects resembles Pla-
to’s eternal, unchangeable form that not part 
of the physical universe. See SHAPIRO, p. 27. 

25 SHAPIRO, p. 10.  
26 See SHAPIRO, p. 110 and NADEAU, Robert, 

“Logicisme”, in LECOURT, Dominique (ed.), 
Dictionaire d’histoire et philosophie des 
sciences, Presses Universitaires de France, 
Paris, 2006, p. 683. 

27 Quoted in SHAPIRO, p. 206. 
28 Ibid., p. 27 and p. 205. 
29 SHAPIRO, p. 208-209. 
30 Ibid., p. 21.  
31 I use the term naturalism to refer to the posi-

tion that reduces all knowledge to empirical 
knowledge of the physical reality. This posi-
tion corresponds to what is also call empir-
ism. 

32 SHAPIRO, p. 28. 
33 Ibid., p. 19.  
34 Ibid., p. 212.  
35 SHAPIRO, p. 25 and DUBUCS, p. 276. 
36 KNEEBONE, G.T., p. 247. 
37 However, in Heyting’s formalization project of 

intuitionism somebody could argue that at 
least there is the criterion of coherence with-
in axioms and rules.  

38 SHAPIRO, p. 175. 
39 SHAPIRO, p. 28-29. 
40 SHAPIRO, p. 26. 

 
41 For this type, some use the term “nominal-

ism”. I rather use conventionalism because 
nominalism could refer to any denial of ab-
stract object’s existence. This notion of no-
minalism includes as well Quine’s natural-
ism. See LAUGIER, Sandra, “”Nominalisme 
moderne”, in LECOURT, Dominique (ed.), Dic-
tionaire d’histoire et philosophie des sciences, 
Presses Universitaires de France, Paris, 
2006, p. 812-813. 

42 PUTNAM, Hilary, “Models and Reality” in BE-
NACERRAF, Paul, Putnam, Hilary, (Eds.), Phi-
losophy of mathematics. Selected Readings, 
London, Cambridge University Press, 2nd 
Edition, 1985, p. 443. 

43 Jean Ladrière (1921-2007) was a mathemati-
cian and philosopher born in 1921 in Ni-
velles, Belgium. He completed his doctoral 
dissertation in philosophy in 1949 after 
which he wrote a master’s thesis about re-
cursive functions in the field of mathematics. 
Finally he submitted a thèse d'agrégation in 
1957 on the limits of formal systems, e.g. 
Gödel’s first theorem of incompleteness and 
the Löwenheim-Skolem theorem, among oth-
ers. His works constitute major contribu-
tions to the fields of epistemology, philoso-
phy of science, philosophy of language, eth-
ics, political philosophy and fundamental 
theology. 

44 LADRIÈRE, Jean, “La philosophie des 
mathématiques et le problème du formalism” 
in Revue Philosophique de Louvain, Tome 57, 
Louvain, Editions de l’Institut Supérieur de 
Philosophie, 1959, p. 618. 

45 Ladrière states: “l’être mathématique n’est ni 
purement construit ni purement donné”. Ibid., 
p. 615-616.  

46 Ibid., p. 614. 
47 Ibid., p. 614-615. 
48 Ibid., p. 612. 
49 LADRIÈRE Jean, L’articulation du sens. I. Dis-

cours scientifique et parole de la foi, Paris, 
Cerf, 1970, p. 64. 

50 See LADRIÈRE 1970, p. 65-66, and LADRIÈRE, 
1957, p. 16. 

51 LADRIÈRE, 1970, p. 65 
52 Ibid., p. 64-65. This is Ladrière’s critic to 

Brouwer’s and Gödel’s notions of intuition.  
53 LADRIÈRE, Jean, “Objectivité et réalité en 

mathématiques,” in Revue Philosophique de 
Louvain, Tome 64, Louvain, Editions de 
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l’Institut Supérieur de Philosophie, 1966, p. 
552.  

54 Ibid., p. 557. 
55 Ibid., p. 553.  
56 Ibid, p. 553. 
57 Ibid., p. 554. 
58 For example, the number “2” can be ex-

pressed and delimitated by different mathe-
matical formal systems, e.g. natural num-
bers, integers, real numbers, complex num-
bers, etc. 

59 LADRIÈRE, 1966, p. 557. 
60 Ibid., p. 556. 
61 For Ladrière, there is no intuition that could 

give us a pre-formulated immediate grasp of 
the mathematical object. It is language that 
enables us to grasp mathematical objects in 
their formulations. For Ladrière, mathemati-
cal experiences refer to operations, articula-
tions and manipulations of symbols by 
which we define, demonstrate and discover 
new objects (See LADRIÈRE, 1966, p. 559, 
564). Here it is clear that Ladrière follows the 
classical Greek identification between the 
nous and the logos. This is what Zubiri calls 
the logification of intellection. 

62 Ibid., p. 562. 
63 Ibid., p. 569. 
64 Ladrière’s notion of the limit of formal sys-

tems should be understood in a a positive 
sense: the reality of mathematical objects ex-
ceeds the representations of axiomatic for-
mal method. 

65 LADRIÈRE, 1959, p. 621-622. 
66 LADRIÈRE, 1966, p. 564.  
67 For example, in the step of schematization, 

our experience with group of object leads us 
to the schematization of natural numbers, 
integers and real numbers. Then, in the 
thematization step, we develop real analysis 
from arithmetic and algebra. Finally, we de-
velop complex analysis and abstract set 
theories that generalize real analysis.  

68 Sometimes the development of mathematics 
is stimulated by concrete physical problems. 
For example, the Fourier series was devel-
oped to solve the problem of heat transfer in 
solid bodies. 

69 LADRIÈRE, 1966, p. 573-574. 
70 Ibid., p. 575.  

 
71 Ladrière distinguishes, in a formal system, 

between the following terms: presentation, 
representation and interpretation (See LA-
DRIÈRE, 1970, p. 28). The presentation of a 
system is the set of conventions that define 
it. It is the formulation of a system by means 
of a particular choice of symbols like the 
atoms (“0”), the operations (“S”) and the pre-
dicates (“=”) (Ibid., p. 66). The representation 
of a system is the correspondence estab-
lished between the primitive components of 
the system and certain class of objects, for 
example symbols, numbers, ideas and con-
crete entities, in such a way that two differ-
ent primitive components will correspond to 
two different objects. For example, a variable 
could correspond to the angle of rotation of a 
sphere. The interpretation of a system is a 
correspondence between the propositions 
and certain statements that are true or false 
independently of the system, e.g., other for-
mal systems or some empirical statements 
relative to the domain of experience. Every 
interpretation of a formal system will put it 
in relation with certain domain of concrete or 
abstract objects. See also LADRIÈRE, 1957, p 
41-43. 

72 LADRIÈRE, 1966, p. 578. 
73 Ibid., p. 550. 
74 I follow the three volumes in Spanish of “In-

teligencia Sentiente”: Inteligencia y Realidad, 
Inteligencia y Logos, and Inteligencia y 
Razón. Most of the times I follow Thomas B. 
Fowler’s English translation Sentient Intelli-
gence.  

75 ZUBIRI, Xavier, Inteligencia y Logos, Alianza 
Editorial, Madrid, 1982, p. 129. From now 
on I will refer to it as “IL”.  

76 IL, p. 131. 
77 Ibid., p. 130.  
78 Literary characters are other examples of 

this type of intellectual construction. 
79 Ibid., p. 325.  
80 Ibid., p. 141. 
81 Ibid., p. 144.  
82 ZUBIRI, Xavier, Inteligencia y Realidad, Alian-

za Editorial, Madrid, 1983, p. 208. From now 
on I will refer to it as “IR”. 

83 This is possible due to the character of sen-
tient intelligence. The intelligence is not se-
parated from the senses. The intelligence 
concipient on the contrary understand what 
it receives separately from the senses. 
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84 IR, p. 251. 
85 For those unfamiliar with the term “field 

reality”, I will explain briefly this concept in 
the context of Zubiri’s three modes of intel-
lection.  Zubiri affirms there are there modes 
of intellection: primordial apprehension, lo-
gos and reason.  
(1) Primordial apprehension is the primary 
and radical mode. It is the apprehension of 
the real actualized in and through itself. It is 
apprehending the real as real. Here one ap-
prehends each real thing as individual. What 
is apprehended is actualized directly, imme-
diately, and unitarily. In the primordial ap-
prehension, I apprehends the real “only” in 
and by itself. (IL 15). 
(2) The other mode of intellection is the logos 
(IS 12). It is a mode according to which the 
real is actualized not only in and through it-
self, but also among other things. It is a de-
velopment of the primordial apprehension. I 
intellectively know what the real thing is in 
function of other realities. The field, also 
called field reality, is the ambit of reality, an 
ambit which encompasses many real things. 
Thus each real thing should be intellectively 
known therein not just in and by itself (the 
primordial apprehension) but also with re-
spect to the other realities in the field (IL 15-
16). The reality of each thing is intrinsically 
and formally open to a field. This intellection, 
by which I apprehend each real thing in a 
field, is what constitutes the logos. Logos is 
the intellection of what the real is in its reali-
ty in a field. Therefore, I intellectively know a 
real thing from the standpoint of other real 
things; I intellectively know it therefore in the 
field-sense (IS 275).  
(3) The third mode of intellection is reason. I 
intellectively know what the real thing, not 
only in itself, not only in function of other 
realities, but also in function to the world. 
Reason consists in going from field reality 
toward worldly reality. 
IS refers to Zubiri, Xavier, Inteligencia Sen-
tiente. Inteligencia y Realidad, Alianza Edito-
rial, Madrid, 1980. 

86 IR, p. 220. 
87 Ibid., p. 130.  
88 IL, p. 326. 
89 For example, (i) the natural number “3” is 

apprehended in reference to the system of 
natural numbers: {0, 1, 2, 3, …}, (ii) the tri-
angle whose angles add 180o is apprehended 

 
in reference to the Euclidean space, (iii) the 
event “E1” receives its reality from the meas-
ure space: (Ω, F, P) with sample space Ω, 
event space F and probability measure P. 
Natural numbers, the Euclidean space and 
the measure space (in probability theory) are 
three examples of systems of reference.  

90 This sketch is analogous to the process of 
schematization, thematization and abstrac-
tion in Ladrière.  

91 IL, p. 144. 
92 Zubiri affirms that a concept is not some-

thing primarily logical but something primar-
ily real (IL, p. 101). Through the concept we 
conceive what a thing might be in reality. We 
always conceive “what” might be an appre-
hended thing “from” others previously ap-
prehended. A conception is not an empty free 
construction. It is always suggested by other 
things that have been already apprehended 
in the field reality. This conception is first of 
all an abstraction. Abstraction is an intellec-
tive process by which we know one or more 
parts of a thing, “leaving aside” others (IL, p. 
102). This abstraction is freely chosen. We 
can abstract a thing in a particular direction. 
Second, the concept is not only an abstrac-
tion, it is also a construction done by the in-
telligence. This construction operates over 
abstract properties.  

93 Let’s consider a simple example, the con-
struction, in Euclidean geometry, of a “circle” 
according to concepts. We will leave aside 
the complexity of this example in order to il-
lustrate Zubiri’s idea of “construction ac-
cording to concepts”. We can define a circle 
as the set of points that are equidistant from 
a special point, named center, in the plane. 
In this definition we are already following 
Euclidean geometry’s axioms, concepts, as 
well as other theorems. According to Zubiri 
this is not the construction of the objective 
concept “circle”. Rather it is the construction 
of the content of the mathematical object 
“circle” according to other mathematical con-
cepts that have been already defined, con-
structed and apprehended, e.g., set, points, 
distance (or metric), plane, etc. The circle, as 
other geometrical figures in the Euclidean 
space, is suggested by our “experience” in 
the perceived space. However, the construc-
tion according to concepts, the content of the 
object “circle”, is independent of the per-
ceived space. 

94 IR, p. 127.  
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95 Ibid., p. 129. 
96 Consider, for example, the three axioms pro-

posed by Kolmogorov in probability theory: (i) 
The probability of an event is a non-negative 
real number: P(E) ≥ 0, ∀ E ∈ Ω; (ii) P(Ω) = 1 
and P(∅) = 0; (iii) For mutually exclusive 
events, E1, E2, …, P(E1∪E2∪ …) = Σi[P(Ei)]. 
They are the real content freely chosen that 
postulates the reality of probability theory. 
They are suggested by the field reality, e.g., 
games of chance (die, playing cards, etc).  

97 IR, p. 252. 
98 Ibid., p. 252. 
99 Ibid., p. 253. 
100 As Zubiri interprets Gödel: “Gödel demon-

strated that what is postulated has properties 
which are not deducible from the postulates 
nor can they be logically refuted by them. The 
fact is, as I see it, that they are real properties 
of mathematical reality, and their apprehen-
sion independent of the postulates is a point 
in which the apprehension of reality does not 
coincide with logical intellection.” IR, p. 253.  

101 “Comprobación” in Spanish is composed of 
“com” and “probación”. The first part, “com”, 
means “with” or “together”. The second part, 
“probación”, comes from “prueba” which 
means testing, proof, or verification.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
102 Zubiri affirms that experience cannot be 

reduced to an empirical sensible experience 
or perception.  

103 IR, p. 254. 
104 Consider for example in Euclidean geometry 

the following mathematical judgment: “the 
diameter is the longest chord of the circle.” 
This conclusion has at the same time two 
moments: the moment of apprehension of 
reality and the moment of necessary truth. 
Here, mathematical experience is testing-
together the reality of the “diameter” and the 
reality of “the longest cord of the circle” in 
the formula of  “the diameter as being the 
longest chord of the circle”.    

105 IL, p. 145-146. 
106 Ibid., p. 324.  
107 Ibid., p. 321.  
108 Ibid., p. 327. 
109 Ibid., p. 327.  
110 IR, p. 281.  
111 Ibid., p. 133. 
112 IS p. 224 and IL, p. 48. 
113 IR, p. 302-303.  
114 Ibid., p. 222. 


